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Abstract
We demonstrate that the very extended G+++ group element of the
form gA = exp(−
1
(β,β)
lnNβ ·H) exp((1−N)Eβ) describes the usual BPS,
electric, single brane solutions found in G+++ theories.
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1 Introduction
Very little is known about M theory itself, but investigations of the associated
supergravity theories are beginning to reveal some of its underlying symmetry.
Study of the properties of the eleven dimensional supergravity theory has lead to
the recent conjecture [1] that M theory possesses an E11 Kac-Moody symmetry.
Indeed it was argued [1] that an extension of eleven dimensional supergravity
should possess an E11 symmetry that was non-linearly realised. A benefit of
this approach is that the symmetries found when the eleven dimensional super-
gravity theory was dimensionally reduced are natural occurrences of there being
an E11 symmetry in the eleven dimensional theory.
The same analysis was applied to the IIA and IIB supergravity theories
which were conjectured to be part of a larger theory which also possessed an
E11 symmetry [1, 2]. This is consistent with the idea that the type II string
theories in ten dimensions and an eleven dimensional theory are part of a single
theory called M theory. Indeed their common E11 origin provides an explicit
relation between the type IIB theory in ten dimensions and the eleven dimen-
sional theory which are not related by dimensional reduction [3].
Arguments similar to those advocated for eleven dimensional supergravity
in [1] were proposed to apply to gravity [4] in D dimensions, the effective ac-
tion of the closed bosonic string [1] generalised to D dimensions and the type
I supergravity theory [5] and the underlying Kac-Moody algebras were identi-
fied. It was realised that the algebras that arose in all these theories were of
a special kind and were called very extended Kac-Moody algebras [6]. Indeed,
for any finite dimensional semi-simple Lie algebra G one can systematically ex-
tend its Dynkin diagram by adding three more nodes to obtain an indefinite
Kac-Moody algebra denoted G+++. In this notation E11 is written as E+++8 .
The algebras for gravity, the closed bosonic string, and type I supergravity
being A+++D−3 [4], D
+++
D−2 [1] and D
+++
8 [5] respectively. The Dynkin diagrams
for the very extended algebras considered in this paper are given in Appendix B.
It was proposed in [1, 4, 5, 6] and [7, 8, 9, 10], that the non-linear realisation
of any very extended algebra G+++ leads to a theory, called VG in [9], that at
low levels includes gravity and the other fields and it was hoped that this non-
linear realisation contains an infinite number of propagating fields that ensures
its consistency. Indeed, it has been shown [9] that the non-linear realisation of
any of the very extended algebras G+++ leads to a theory that contains gravity,
gauge fields of various rank and possibly a dilaton at low levels.
If one dimensionally reduces a supergravity theory on a torus to D = 3 one
obtains a generic theory containing gravity, gauge fields of various rank and pos-
sibly a dilaton that is described by the properties of its scalars. A non-trivial
field strength in three dimensions may have at most two indices making it the
dual of the field strength derived from the scalar. In some cases these scalars
belong to a non-linear realisation of some finite dimensional Lie group, G. A
set of theories whose dimensional reductions to three dimensions yielded every
possible G was found in [11]. The maximally oxidised theories corresponding to
G are those in the highest dimension, D, such that upon dimensional reduction
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to three dimensions one finds the scalars belonging to the non-linear realisation
G [11]; for a detailed discussion of oxidation in the context of group theory the
reader is referred to [12]. Reference [4] considered the dimensional reduction of
certain theories containing gravity, gauge fields of various rank and a dilaton
and found that only for very specific couplings did the scalars belong to a non-
linear realisation of G and in all cases these couplings were oxidised theories.
Indeed a correspondence between the low-level fields in the adjoint representa-
tion of G+++ and the maximally oxidised theory associated with G has been
demonstrated in reference [9].
There is a very substantial literature on brane solutions in supergravity and,
indeed, in a generic theory consisting of gravity, gauge fields of various rank and
a dilaton we will find that our equation (1) encodes the electric brane solutions
found in these theories [13, 14]. The solutions for the oxidised theories men-
tioned above were considered in [8].
It was shown in [3] that the usual BPS solutions of the type IIA and
type IIB ten dimensional supergravity theory and the eleven dimensional the-
ory possess a general formulation in terms of E11 group elements, namely,
exp(− 12 lnNβ · H) exp((1 − N)Eβ). The form of this expression makes it a
simple process to write down any solution from a particular E11 group element,
and vice-versa.
In this paper we generalise the result of [3] so that it may be applied to any
G+++ algebra. We find that the group element takes the general form
gA = exp(− 1
(β, β)
lnNβ ·H) exp((1−N)Eβ) (1)
Where (β, β) is the norm squared of the root whose corresponding generator
is Eβ , when the squared length of the roots on the gravity line have been nor-
malised to two. For the cases where (β, β) = 2 the group element becomes that
given in [3]. N is a harmonic function taking the form
N = 1 +
k
r
[(D−2)−2 ∑
i∈GL
i
∑
j /∈GL
ρij(αj ,β)−
∑
j /∈GL
D]
(2)
Where GL refers to nodes of the Dynkin diagram found on the gravity line of
each theory, ρij =
(αi,αj)
(αi,αi)(αj ,αj)
is the metric of the Cartan subalgebra, D is the
dimension of spacetime and r2 = δabxbx
a is the radial extension in the trans-
verse coordinates, xa.
In section 2 we demonstrate the use of equation (1) for the simply-laced
group D+++n−3 and deduce the usual BPS solutions, while in section 3 we apply
the method to the non-simply laced groups B+++n−3 and F
+++
4 . Each of the
G+++ theories we consider in this paper has a pp-wave solution arising from the
gravity sector but their derivation does not differ significantly from those given
in [3] and are not calculated in this paper. Finally, in section 4 we consider
some of the consequences of this result in relation to brane solutions emerging
from the higher order content of the G+++ theories. In Appendix A we give
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the application of the solution to the remaining very extended groups, with the
exception of C+++n−3
1, and the relevant very extended Dynkin diagrams are given
in Appendix B.
1.1 Kac-Moody Algebras
A Kac-Moody algebra is constructed from its Cartan matrix, Aab
2 and the
Chevalley generators. A Cartan matrix Aab is given in terms of the simple
roots, αa, of an algebra as
Aab = 2
(αa, αb)
(αa, αa)
(3)
Where (αa, αb) is the Kac-Moody generalised Killing form acting on the
corresponding elements of the Cartan sub-algebra. The diagonal elements of
Aab are all 2 and the off-diagonal elements are negative integers, with the zeroes
being symmetrically distributed such that
Aab = 0 ⇔ Aba = 0 (4)
The generators associated with positive simple roots are labeled Ea = Eαa
and those associated to negative simple roots Fa ≡ E−αa . A Kac-Moody algebra
is then uniquely constructed from the commutators of Ea, Fa and the Cartan
sub-algebra generators, Ha, subject to the following Serre relations
[Ha, Hb] = 0
[Ha, Eb] = AabEb [Ha, Fb] = −AabFb (5)
[Ea, Fb] = δabHb
[Ea, . . . [Ea, Eb]] = 0 [Fa, . . . [Fa, Fb]] = 0
In the final line there are (1 − Aab) Ea’s in the first equation and the same
number of Fa’s in the second equation.
The Kac-Moody algebra may also be formulated in the Cartan-Weyl basis
from Hi, Ea and Fa, where Hi is related to the Cartan sub-algebra by
Ha = 2
αiaHi
(αa, αa)
⇒ αa ·H = (αa, αa)
2
Ha (6)
1.2 Constructing the Algebra
Any G+++ belongs to a class of Lorentzian Kac-Moody algebras considered in
[6]. These algebras have the property that their associated Dynkin diagram
1The case of C+++n−3 is very cumbersome: to consider the embedding of an A3 gravity line
we must delete no less than (n− 3) nodes, which gives rise to (n− 4)2 scalar fields and 2n− 8
one-forms [21], while we offer no proof of the element (1) for C+++n−3 , we have no reason to
believe it will fail in this theory
2For a review of Cartan’s classification of the finite semisimple Lie groups G and the
corresponding Cartan matrices, Aab, see [15, 16].
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possess at least one node which upon the deletion leads to component diagrams
which are of finite type except for at most one of affine type. The authors of [6]
have studied the properties of the Lorentzian algebras in terms of the algebra
associated with the Dynkin diagram that remains after the node deletion. In
this paper we may sometimes wish to delete more than one node from some
Dynkin diagrams in such a way that the remaining diagram is an An diagram.
The remaining An sub-algebra gives rise to the gravity sector and is indicated
in Appendix B on the Dynkin diagrams for the relevant G+++ by solid nodes,
we refer to these roots as the gravity line. We use this remaining sub-algebra
to investigate the Kac-Moody algebra, G+++. Our generators therefore appear
in an SL(n) sub-algebra and are classified by the level at which they arise in
the decomposition from the very extended algebra. In this paper the level is
the coefficient, or coefficients, of the simple roots that are eliminated from the
very extended algebra to obtain a finite SL(n) sub-algebra. Any root, α, may
be expressed as a sum of simple roots α =
∑
anaαa where a runs over the sim-
ple roots of the very extended algebra. If the SL(n) sub-algebra is formed by
removing simple root c then α is a level nc root; if roots c and d are removed
then α has level (nc, nd) and so on.
By definition a Kac-Moody algebra is the multiple commutators of the sim-
ple root generators, Ea and separately those of Fa, subject to the Serre relations
(5). However as a matter of practise this is very difficult to carry out, in this sec-
tion we explain how to construct the G+++ algebra using the tables of low-order
generators in [9]. If we consider two An representations with root coefficients
(a1a2 . . . an) and (b1b2 . . . bn) then their commutator has a root which is the
sum, i.e. it has root coefficients ((a1 + b1)(a2 + b2) . . . (an + bn)).
The Borel sub-algebra is formed from the Cartan sub-algebra generators,
Ha, where a = 1 . . . n, the positive root generators, K
a
b, where a < b and a, b =
1 . . . n, and the generators, Ra1...anb1...bm which arise from our decomposition
of G+++. The generators of the Cartan sub-algebra are constructed from the
Kaa generators where a = 1 . . . n and a dilaton generator, which we label R0,
although some of the theories we are interested in have no so-called ”dilaton”.
The dilaton generator is so called because it leads to a dilaton scalar field in a
non-linear realisation. The Kab and R
a1...an
b1...bm obey the commutation rules
[Kab,K
c
d] =δ
b
cK
a
d − δadKbc
[Kab, R
c1...cn
d1...dm ] =δ
c1
b R
ac2...cn
d1...dm + . . .+ δ
cn
b R
c1...cn−1a
d1...dm (7)
− δad1Rc1...cnbd2...dm − . . .− δadmRc1...cnd1...dm−1b
Where the second equation includes a contribution from the trace of Kab,
which is really a GL(n) generator.
Let us make use of the following notation for a generic commutator
[Rn1n2...na(s1) , R
n1n2...nb
(s2)
] = cs1,s2a,b R
n1n2...na+b
(s1+s2)
(8)
The s labels are the levels associated with the elimination of one of the simple
roots in theories where the decomposition involves the elimination of more than
one simple root. It is used to differentiate different types of generators, and can
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be simply read off from the root. We define which root is associated with the s
labels in each of the G+++ that we consider. In G+++ theories where only one
root is eliminated the s label is redundant and will be dropped.
Some general restrictions on cs1,s2a,b are determined from the general Jacobi
identity, where we simplify our notation so that the figure in square brackets is
the number of antisymmetrized indices on each operator
[R[a]s1 , [R
[b]
s2
, R[c]s3 ]] + [R
[b]
s2
, [R[c]s3 , R
[a]
s1
]] + [R[c]s3 , [R
[a]
s1
, R[b]s2 ]] = 0
⇒ cs1,s2+s3a,b+c cs2,s3b,c + cs2,s3+s1b,c+a cs3,s1c,a + cs3,s1+s2c,a+b cs1,s2a,b = 0 (9)
Having commenced with the generators associated with the simple roots, we
construct new generators by taking their commutators as we proceed. Subse-
quently by taking a commutator with a third generator we find restrictions on
our commutator coefficients, cs1,s2a,b , using the Jacobi identity given above.
We will be particularly interested in finding how the dilaton commutes with
other generators, which is denoted by R
[a]
s1 = R0 to be the dilaton generator.
The dilaton generator appears as a member of the Cartan sub-algebra, so it
doesn’t change the An representation of the operator it commutes with. Of
particular use are the following specific cases of (9) which give the commutator
coefficients for the general commutator [R0, R
[m]
s ] = c
0,s
0,mR
[m]
s in a recursive form
which we have found by setting b = 1 and c = m− 1 for the following values of
s2 and s3 in (9)
s2 = 0, s3 = 0 ⇒ c0,00,m = c0,00,m−1 + c0,00,1 (10)
s2 = 0, s3 = 1 ⇒ c0,10,m = c0,10,m−1 + c0,00,1 (11)
s2 = 1, s3 = 0 ⇒ c0,10,m = c0,00,m−1 + c0,10,1 (12)
s2 = 1, s3 = 1 ⇒ c0,20,m = c0,10,m−1 + c0,10,1 (13)
These relations allow us to find all the commutators with the dilaton, R0, up
to low orders, and we only need to specify one unknown which we choose to
be (c0,00,1).
3 Similar recursive commutator relations can be found for higher or-
der generators by considering s labels which are greater than one in equation (9).
Let us consider the example of F+++4 to demonstrate how we build the
algebra. The low order generators of F+++4 are given in reference [9] and we
3The relation between c0,10,1 and c
0,0
0,1 can be found by considering the commutation any
of the Cartan elements, e.g. Hn, that contain R0 with the generator for the simple root
corresponding the second eliminated root, e.g. for the F+++4 algebra this is E7, which can be
seen in Appendix B on the Dynkin diagram.
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list them here with their associated root coefficients in brackets after them.
R0(0000000) R1(0000001)
R60(0000010) R
6
1(0000011)
R560 (0000120) R
56
1 (0000121) R
56
2 (0000122) (14)
R4561 (0001231) R
456
2 (0001232)
R34561 (0012341) R
456,6
2 (0001242)
R34562 (0012342)
We make use of this bracket notation throughout this paper, it is simply a list
of the coefficients na when a root, α, associated with a particular generator, is
written as a positive sum of simple roots α =
∑
a naαa, for example (0000121)
corresponds to the root α = α5 + 2α6 + α7.
The seven generators associated with the simple roots are Ea = K
a
a+1 for
a = 1 . . . 5, E6 = R
6
0 and E7 = R1. The subscript s labels are the levels
corresponding to the simple root R1. We read off the following commutation
relations for the dilaton R0 with the other generators from the root coefficients
[R0, R
a
0 ] = c
0,0
0,1R
a
0 [R0, R
a
1 ] = c
0,1
0,1R
a
1
[R0, R
ab
0 ] = c
0,0
0,2R
ab
0 [R0, R
ab
1 ] = c
0,1
0,2R
ab
1 [R0, R
ab
2 ] = c
0,2
0,2R
ab
2
[R0, R
abc
1 ] = c
0,1
0,3R
abc
1 [R0, R
abc
2 ] = c
0,2
0,3R
abc
2 (15)
[R0, R
abcd
1 ] = c
0,1
0,4R
abcd
1 [R0, R
abc,d
2 ] = c
0,2
0,4R
abc,d
2
By considering [H7, E7] = 2E7 and [H7, E6] = −E6, from equation (5), we find
that c0,10,1 = −c0,00,1 and using equations (10)-(13) we find that in terms of c0,00,1 the
commutation relations above are
[R0, R
a
0 ] = c
0,0
0,1R
a
0 [R0, R
a
1 ] = −c0,00,1Ra1
[R0, R
ab
0 ] = 2c
0,0
0,1R
ab
0 [R0, R
ab
1 ] = 0 [R0, R
ab
2 ] = −2c0,00,1Rab2
[R0, R
abc
1 ] = c
0,0
0,1R
abc
1 [R0, R
abc
2 ] = −c0,00,1Rabc2
(16)
[R0, R
abcd
1 ] = 2c
0,0
0,1R
abcd
1 [R0, R
abc,d
2 ] = 0
We fix c0,10,0 to be
1√
8
and obtain the relations given later in equation (90). Other
commutators can easily be found using the table of roots given in [9] together
with the Jacobi identity (9) and the Serre relations (5).
1.3 Highest and Lowest Weights in G+++ Theories
In any finite dimensional semi-simple Lie algebra G the highest weight ΛH and
lowest weight ΛL of any representation are related by the formula ΛL = S0ΛH
where S0 is the longest element of the Weyl group of G. We recall that any
Weyl group element S can be expressed as a product of Weyl group elements
Sa = Sαa corresponding to the reflections in the simple roots αa of G. There are
a number of ways to write any S involving different numbers of Sa, but there is
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obviously always a way that involves the smallest number of Sa’s. This smallest
number of Sa’s required is called the length of the Weyl group element S. It
turns out that the Weyl group element with the maximum length is unique and
this is the one that relates the highest and lowest weights. The Weyl group
element Sb acts on the simple roots by
Sbαa = (s)a
bαb = αa − 2(αb, αa)
(αb, αb)
αb (17)
and on the elements of the Cartan sub-algebra Ha by SbHa = (s)a
bHb. Hence
the transformation of the the Cartan sub-algbra elements by the longest element
of the Weyl group is given by S0Ha = (s0)a
bHb
For An the action of the Weyl group on the Cartan sub-algebra is given by
SaHb = Hb b 6= a, b 6= a± 1, SnHn = −Hn, SaHa±1 = Ha +Ha+1 (18)
In terms of the generators Kab of An the Cartan sub-algebra elements are given
by Ha = K
a
a −Ka+1a+1 and the effect of the Weyl group element Sa is
Kaa ↔ Ka+1a+1 (19)
all other elements being left inert. The longest Weyl group element of An is
given by S0 = (S1 . . . Sn)(S1 . . . Sn−1) . . . (S1S2)(S1).
In this paper we will consider the generators of G+++ decomposed level by
level in terms of representations of An for suitable n. The highest An weight
generators in G+++ and their G+++ roots are listed in reference [9]. The highest
An weight generators have SL(n+1) indices that that are the highest possible.
For example, the generator Ra belong to the one rank tensor representation of
SL(n+ 1) and the generator corresponding to the highest An weight is R
n+1.
The generator corresponding to lowest An weight is proportional to R
1 and one
can verify that the highest and lowest An weights are indeed related by the
action of S0.
As we are dealing with a non-linear realisation each generator in Borel sub-
algebra is associated with a field. However, we will be interested in electric
branes which couple to fields with a 1 index and so correspond to lowest An
weight generators inG+++. In equation 1 we will also require the G+++ root and
associated Cartan sub-algebra element that corresponds to the lowest weight of
An. We can find this using the action of S0 as described above. The reader may
verify that this has the same effect as applying Kab generators to the generators
of G+++ to go between the highest and lowest An weight generators.
1.4 Solutions in Generic Gravity Theories
There is a very substantial literature on brane solutions in generic supergravity
theories [13], for a review see [17, 18]. We use the notation of [17] to express the
general equations of motion, line element and dilaton that arise from a theory
containing gravity, a gauge field and a dilaton, which is the truncation of the
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full supergravity action, and allows us to investigate single brane solutions. The
generic action integral is
A =
1
16πGD
∫
dDx
√−g(R− 1
2
∂µφ∂
µφ− 1
2.ni!
eaiφFa1...aniF
a1...ani ) (20)
Where D is the dimension of the background spacetime, ai is the dilaton cou-
pling constant, Fa1...ani is a general ni-form field strength. We note here that
the equations of motion derived from a truncated action, as above, is always
consistent with the single electric brane solutions presented here. Chern-Simons
terms in the full action will alter the equation of motion obtained from vary-
ing the gauge potentials. For our solutions the only non-zero gauge potentials
possess a timelike index, any remaining Chern-Simons-like terms in the gauge
equation will be a wedge product of such gauge fields and so are identically zero.
Consequently the Chern-Simons terms do not effect our single electric brane so-
lutions as they vanish at the level of the equations of motion. The equations of
motion coming from the general action above are
Rµν =
1
2
∂µφ∂νφ+
1
2ni!
eaiφ(niF
µa2...aniFνa2...ani −
ni − 1
D − 2 δ
µ
νFa1...aniF
a1...ani )
∂µ(
√−g∂µφ) =
√−g.ai
2.ni!
eaiφFa1...aniF
a1...ani (21)
∂µ(
√−geaiφFµa2...ani ) = 0
A theory containing such field strengths, Fa1...ani , has conserved charges which
are associated with (ni−2)-branes, and their dual field strengths are associated
to (D−ni− 2)-branes. A BPS p-brane solution with arbitrary dilaton coupling
has line element
ds2 = N
−2(D−p−3∆ )
p (−dy21 + dx22 + . . . dx2p+1) +N2(
p+1
∆ )
p (dx
2
p+2 + . . . dx
2
D) (22)
Where ∆ = (p+1)(D− p− 3)+ 12a2i (D− 2), ai is the dilaton coupling constant
of the associated field strength, Fa1...ani , and Np is an harmonic function, equal
to (2), and taking the general form
Np = 1 +
1
D − p− 3
√
∆
2(D − 2)
‖Q‖
r(D−p−3)
(23)
Where Q is the conserved charge associated with the p-brane solution, and
r2 = x2p+2 + . . . x
2
D. We are able to read from any given line element the value
of the dilaton coupling constant, ai, to within a minus sign. The associated
dilaton, for coupling constant ai, is
eφ = N
ai
D−2
∆
p (24)
A second brane solution is associated with the dual of the field strength that
gives rise to the p-brane solution. This is a (D−p− 4)-brane, where the dilaton
coupling constant, −ai, is now the negative of that for the p-brane. We find
that for the (D − p− 4)-brane
∆′ = (D − p− 3)(p+ 1) + 1
2
a2i (D − 2) = ∆ (25)
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And the line element for the brane associated with the dual field strength is
ds2 = N
−2( p+1∆ )
D−p−4 (−dy21 + dx22 + . . . dx2D−p−3) +N
2(D−p−3∆ )
D−p−4 (dx
2
D−p−2 + . . . dx
2
D)
(26)
The associated dilaton is
eφ = N
−ai D−2∆
D−p−4 (27)
Ensuring that the line elements are related as (22) is to (26) and confirmation
of a change of sign in the power of the harmonic function N in the dilaton, as
between (24) and (27), enables us to recognise which field strengths are dual to
each other in the G+++ considered in this paper.
1.5 The Dilaton Generator
Equation (1) plays a central role in our work and may contain the dilaton
generator, R0, through β ·H for particular algebras. The non-linear realisation
allows us to write down the most generally covariant field equations for the field
content arising from a particular G+++ in which the dilaton field, A appears
within a factor in the field strength. The procedure for finding the field equations
is given in [2, 1, 19] and, using the above commutator relations, in the non-linear
realisation of G+++ the field strengths take the form
Fa1a2...aps1
= pe−c
0,s1
0,p−1A(∂[a1Aa2...ap]s1
+ . . .) (28)
Where ”+ . . .” indicates terms which are not total derivatives but have the
correct number of indices and within which the sum of s labels matches the s
label of the field strength.
The required dual field strength in the non-linear realisation is found to take
the form
Fa1a2...a(D−p) s2
= (D − p)e−c
0,s2
0,D−(p−1)A(∂[a1Aa2...aD−p]s2
+ . . .) (29)
Where D is the number of background spacetime dimensions, and we con-
struct the remaining field strengths similarly. Having constructed the field
strengths for a particular theory, we follow the process in [2, 1, 19] and write
down the equations relating a field strength and its Hodge dual, which take the
general form
∗Fa1a2...a(D−p) s1 ≡ Fa1a2...aps1 =
1
p!
ǫa1a2...aDF
a(p+1)...aD
s2 (30)
Where the Hodge dual is indicated by *, and ǫa1a2...aD is the usual com-
pletely antisymmetric tensor.
We then substitute our expressions for Fa1a2...aps1 and Fa1a2...aD−ps2 into
this equation. The second order field equations are obtained by bringing all
factors containing the dilaton field ekA together as a coefficient of the field
strength appearing in the Lagrangian and differentiating the equation. Any
total derivatives vanish by the Bianchi identity and we obtain an equation of
the form
∂[am ∗ (pe(−c
0,s1
0,p−1+c
0,s2
0,D−(p−1))A(∂a1Aa2...ap]s1
) + . . .) = ∂[am(+ . . .)] (31)
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The ”+ . . .” correspond to the non-total derivative terms coming from our
non-linear formulation of the field strengths. The coefficient of the total deriva-
tive on the left-hand-side is now exactly that which appears in a Lagrangian
formulation of this system, where the field strength is just the total derivative,
p∂[a1Aa2...ap]. These considerations are useful in making comparisons with the
literature, in particular with [11]. The reader may see a fully worked example
of this method for D+++n−3 in section 2.
2 Simply Laced Groups
A simply laced group has simple roots which all have the same length, here our
roots are normalised such that (αa, αa) = 2.
2.1 Very Extended Dn−3
D+++24 is the symmetry underlying the effective action of the bosonic string the-
ory [1], and the analogous n-dimensional generalisation is D+++n−3 [1, 7], these
are maximally oxidised theories. The Dynkin diagram for D+++n−3 is shown in
Appendix B, where the solid nodes indicate the gravity line we shall consider,
which is an An−2 sub-algebra.
We decompose the D+++n−3 algebra with respect to its An−2 sub-algebra, the
simple roots whose nodes we delete are αn−1 and αn, as enumerated in Appendix
B and we associate the levels l1 and l2 with these respectively. Our s labels are
chosen to be the l2 level that the generator appears at. We find the generators
Kab at level (0, 0), corresponding to the An−2 sub-algebra of the gravity line,
and the following other generators up to level (1, 1)
l1 −→ 0 1
l2 ↓ 0 R0 Ra1a2...a(n−5)1
1 Rab0 R
a1a2...a(n−4),b
1 (32)
R
a1a2...a(n−3)
1
The so-called dual to gravity R
a1a2...a(n−4),b
1 is listed amongst our low-level gen-
erators for completeness but it is not as well understood as the other listed
generators and we will not consider it here, nor throughout this paper in any
of the G+++ theories that we consider, as a starting point generator for finding
the encoded brane solutions via (1). Each of the generators is associated with
a root, β, such that (β, β) = 2 except for the dilaton generator R0 and the gen-
erator R
a1a2...a(n−3)
1 , for which (β, β) = 0. That (β, β) = 0 for these generators
means that we cannot commence with the generators R0 and R
a1a2...a(n−3)
1 and
use the group element in equation (1) to deduce an electric brane associated
with them, as we would have a singularity coming from the 1(β,β) for these gen-
erators. As such they are discarded as starting points for our method, as are all
such generators which possess such a singularity in equation (1).
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We make use of the following commutators, where we have chosen the coef-
ficient 24
D−2 in keeping with [1] and the other commutator has been determined
from the Serre relations (5)
[R0, R
ab
0 ] =
24
D − 2R
ab
0
[R0, R
a1a2...an−5
1 ] =−
24
D − 2R
a1a2...an−5
1 (33)
The simple root generators of D+++n−3 are
Ea = K
a
a+1, a = 1, . . . (n− 2), E(n−1) = R(n−2)(n−1)0 , En = R56...(n−1)1 (34)
and the Cartan sub-algebra generators, Ha, are given by
Ha = K
a
a −Ka+1a+1, a = 1, . . . (n− 2),
H(n−1) = − 2D−2 (K11 + . . .Kn−3n−3) + D−4D−2 (Kn−2n−2 +Kn−1n−1) + 16R0
Hn = −D−4D−2 (K11 + . . .K44) + 2D−2 (K55 + . . .Kn−1n−1)− 16R0 (35)
The low-level field content [9] is hˆa
b, A, Aa1a2 and their field strengths have
duals derived from Aa1...an−4,b, Aa1...an−3 , Aa1...an−5 respectively. Our choice
of local sub-algebra for the non-linear realisation allows us to write the group
element as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
(n− 3)!Aa1a2...an−3R
a1a2...an−3
1 )
exp(
1
(n− 4)!Aa1a2...an−4,bR
a1a2...an−4,b
1 ) (36)
exp(
1
(n− 5)!Aa1a2...an−5R
a1a2...an−5
1 )
exp(
1
2!
AabR
ab
0 ) exp(AR0)
The field content of the associated maximally oxidised theory given in [11] agrees
with the low-order D+++n−3 content given above. The Lagrangian for the oxidised
theory, contains a graviton, φ, a dilaton, A, and a 3-form field strength, Fµνρ =
3∂[µAνρ], and is given by
A =
1
16πGn−1
∫
dn−1x
√−g(R − 1
2
∂µφ∂
µφ− 1
2.3!
e
√
8
D−2φFµνρF
µνρ) (37)
We now demonstrate the use of the group element given in equation (1) in
finding the electric branes of D+++n−3 from the generators listed in equation (32).
We find the following electric branes
A String We commence by setting β in (1) to be the root associated with
the generator, R
(n−2)(n−1)
0 (00 . . . 010), the highest weight in the R
a1a2 repre-
sentation, corresponding to the field Aa1a2 in [9]. Our motivation is to find the
usual BPS electric branes that emerge using the group element given. As such
we wish to work with representations that have a time-like index, which we may
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obtain from our highest weight via multiple commutation with the appropriate
Kab generators such that all the indices on our operator are lowered to the low-
est consecutive sequence of indices, including the time-like index. This has the
consequence of finding the lowest weight generator in a particular representa-
tion. Our corresponding lowest weight in this representation is R120 (12 . . . 2110).
The Cartan sub-algebra element associated with this lowest weight is found by
using the root coefficients of the lowest weight, (12 . . . 2110), as coefficients of
the Cartan sub-algebra elements associated with each root in the expansion of
β ·H so that
β ·H =H1 + 2(H2 + . . . Hn−3) +Hn−2 +Hn−1
=(K11 −K22) + 2(K22 −Kn−2n−2) + (Kn−2n−2 −Kn−1n−1)
− 2
D − 2(K
1
1 + . . .K
n−3
n−3) +
D − 4
D − 2(K
n−2
n−2 +Kn−1n−1)
+
1
6
R0
=
D − 4
D − 2(K
1
1 +K
2
2)− 2
D − 2(K
3
3 + . . .K
n−1
n−1) +
1
6
R0 (38)
We now substitute equation (38) into our group element given in equation (1),
noting that as D+++n−3 is a simply laced group (β, β) = 2. The corresponding
group element is
gA =exp(−1
2
lnN1(
D − 4
D − 2(K
1
1 +K
2
2)− 2
D − 2(K
3
3 + . . .K
n−1
n−1)
+
1
6
R0)) exp((1 −N1)Eβ)
= exp(−1
2
lnN1(
D − 4
D − 2(K
1
1 +K
2
2)− 2
D − 2(K
3
3 + . . .K
n−1
n−1)))
exp(N
− 2D−2
1 (1−N1)Eβ) exp(−
1
12
lnN1R0) (39)
Where we have moved the generator associated with the dilaton, R0, to the
right so that it agrees with the structure of the group element from which the
non-linear realisation is constructed in equation (36). We make use of [R0, R
ab
0 ]
in equation (33) to do this and by examining the resulting R0 term we find a
dilaton which is given by
eA = N
− 112
1 (40)
By reading off the coefficients of the Kaa in the group element we find a line
element corresponding to a string
ds2 = N
−D−4D−2
1 (−dy21 + dx22) +N
2
D−2
1 (dx
2
3 + . . .+ dx
2
n−1) (41)
The brane is derived from a gauge potential which we can also read off from
equation (39) as the coefficient of Eβ
AT12(0) = N
− 2D−2
1 (1−N1) (42)
This has tangent space indices, which we indicate with a T . To make the change
to world volume indices we use the vierbein which we deduce from equation (41),
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(ehˆ)11 = (e
hˆ)22 = N
− D−4
2(D−2)
1 and find
A12(0) = N
−1
1 − 1 (43)
This gives rise to a 3-form field strength, which we label Fµνρ0.
An (n−6) Brane Let us consider the representation Ra1a2...an−5 , correspond-
ing to the field Aa1a2...an−5 in [9] whose highest weight generator is R
5...(n−1)
1
(00 . . . 01). We take β in equation (1) to be the root associated with the highest
weight generator. The lowest weight generator in the representation is R
1...(n−5)
1
(1234 . . .432101) and the corresponding element in the Cartan sub-algebra is
β ·H =H1 + 2H2 + 3H3 + 4(H4 + . . . Hn−5) + 3Hn−4 + 2Hn−3 +Hn−2 +Hn
=K11 +K
2
2 +K
3
3 +K
4
4 −Kn−4n−4 −Kn−3n−3 −Kn−2n−2
−Kn−1n−1 − D − 4
D − 2(K
1
1 + . . .K
4
4) +
2
D − 2(K
5
5 + . . .K
n−1
n−1)
− 1
6
R0
=
2
D − 2(K
1
1 + . . .K
n−5
n−5)− D − 4
D − 2(K
n−4
n−4 + . . .Kn−1n−1) (44)
− 1
6
R0
Substituting this into equation (1), recalling that (β, β) = 2, we find the corre-
sponding group element is
gA =exp(−1
2
lnNn−6(
2
D − 2(K
1
1 + . . .K
n−5
n−5)
− D − 4
D − 2(K
n−4
n−4 + . . .Kn−1n−1)− 1
6
R0)) exp((1−Nn−6)Eβ)
gA =exp(−1
2
lnNn−6(
2
D − 2(K
1
1 + . . .K
n−5
n−5) (45)
− D − 4
D − 2(K
n−4
n−4 + . . .Kn−1n−1))) exp(N
− 2D−2
n−6 (1 −Nn−6)Eβ)
exp(
1
12
lnNn−6R0)
Where in the last line we have made use of [R0, R
a1...an−5
1 ], given in equation (33)
to move the dilaton generator, R0, to the far right of the expression in agreement
with the group element from which the non-linear realisation is constructed (36).
By examining the R0 term we find a dilaton given by
eA = N
1
12
n−6 (46)
And a line element corresponding to an electric (n− 6)-brane
ds2 = N
− 2D−2
n−6 (−dy21 + . . . dx2n−5) +N
D−4
D−2
n−6 (dx
2
n−4 + . . .+ dx
2
n−1) (47)
The brane is derived from a gauge potential
AT12...(n−5)(1) = N
− 2D−2
n−6 (1−Nn−6) (48)
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We use (ehˆ)11 = . . . (e
hˆ)n−5n−5 = N
− 1D−2
n−6 and make the change to world volume
indices
A12...(n−5)(1) =N
− 2D−2
n−6 N
− n−5D−2
n−6 (1−Nn−6)
=N−1n−6 − 1 (49)
Where we have used D = n− 1 to get to the second line. This gauge potential
is associated with an (n− 4)-form field strength which we conclude is the dual
of Fµνρ0.
We have have successfully reproduced all the usual BPS electric branes using
the group element given in equation (1). The formulae we have found above do
indeed correspond to the solutions of the Lagrangian (37).
Let us now consider a fully worked example of the method outlined in section
1 to find a relation between our dilaton generator A and φ. We have found
the gauge potentials A(0), A
(0)
a1a2 and A
(1)
a1...an−5 and we have one 3-form field
strength appearing in the Lagrangian of equation (37). Using equation (28) we
write down the most general equation for the 3-form field strength
Fa1a2a3 (0) = 3e
−c0,00,2A∂[a1Aa2a3](0) (50)
Its dual is an (n− 4)-form field strength which is most generally
Fa1...an−4(1) = (n− 4)e−c
0,1
0,n−5A∂[a1Aa2...an−5](1) (51)
These are related by duality giving
∗Fa1a2a3 (0) =
1
(n− 4)!ǫa1a2a3b1...bn−4F
a1...a3
(0) = Fb1...bn−4(1) (52)
Substituting equations (50) and (51) into equation (52) yields
∗(3e−c0,00,2A∂[a1Aa2a3](0)) = (n− 4)e−c
0,1
0,n−5A∂[a1Aa2...an−4](1) (53)
If we bring the exponentials of A together on the left-hand-side with the
3-form and differentiate we obtain
∂[am ∗ (3e(−c
0,0
0,2+c
0,1
0,n−5)A∂a1Aa2a3](0)) = 0 (54)
Where the right-hand-side has vanished under differentiation by the Bianchi
identity. The commutation of Hn−1 given in equation (35) with the positive
root generators En and En−1 enables us to find a relation between c
0,1
0,n−5 and
c
0,0
0,2, we take l =
1
12 and we find
[Hn−1, En] =[Hn−1, R
56...(n−1)
1 ] = 0
⇒ lc0,10,n−5 = −
4
D − 2
[Hn−1, En−1] =[Hn−1, R
(n−2)(n−1)
0 ] = 2R
(n−2)(n−1)
0
⇒ lc0,00,2 =
4
D − 2
⇒ c0,00,2 = −c0,10,n−5 (55)
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Substituting this identity into our field equation (54) gives
∂[am ∗ (3e(−2c
0,0
0,2)A∂a1Aa2a3](0)) = 0 (56)
We have fixed our structure constants such that c0,00,2 =
24
D−2 in accordance
with reference [1] and by comparison with (37) we find that
A = − 1
12
√
D − 2
2
φ (57)
We apply the method to E+++6 and E
+++
7 in Appendix A and show similarly
that the low order field content derived from the group element (1) matches the
field content given in reference [11] for the corresponding oxidised theories.
3 Non-Simply Laced Groups
The general method is slightly less straightforward for non-simply laced groups
in that it becomes possible for the roots we find from the group theory to have
a norm squared that differs from two. This difference manifests itself in two
places. The first arises when we find the element in the Cartan sub-algebra
corresponding to the lowest weight in a representation, at this point we must be
wary of equation (6) which indicates that we don’t have an identity between the
root coefficients and the Cartan sub-algebra coefficients but a proportionality
factor of (α,α)2 . So that, for example, an element of the Cartan sub-algebra
corresponding to a root with norm squared half that of the gravity line has an
additional factor of 12 in front of it. The second place we must be wary of the
varying size of the simple roots comes when we make use of the group element
where we must remember to put in the correct value of (β, β) for the generator
we are considering.
3.1 Very Extended Bn−3
The Dynkin diagram for B+++n−3 is shown in Appendix B, where the solid nodes
indicate the gravity line we shall consider, which in this case is an An−2 sub-
algebra.
We decompose the B+++n−3 algebra with respect to its An−2 sub-algebra by
deleting the nodes corresponding to the simple roots αn and αn−1 which have
generators R
56...(n−1)
1 (00 . . . 01) and R
(n−1)
0 (00 . . .10) respectively. We associate
the levels l1 and l2 with these respectively and the s labels on our generators
are chosen to be the l1 level of that generator. From reference [9] we find the
B+++n−3 algebra contains the generators K
a
b at level (0, 0), corresponding to the
An−2 sub-algebra of the gravity line. We have the following other generators
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up to level (1, 2) [9]
l1 −→ 0 1
l2 ↓ 0 R0 Ra1a2...a(n−5)1
1 Ra0 R
a1a2...a(n−4)
1 (58)
2 Ra1a20 R
a1a2...a(n−4),b
1
R
a1a2...a(n−3)
1
The generators Ra0 and R
a1a2...an−4
1 have associated roots β such that (β, β) = 1,
the rest and the gravity line nodes have (β, β) = 2, with the exception of the
dilaton generator R0 and the generator R
a1a2...a(n−3)
1 which have (β, β) = 0.
We cannot apply our method to R0 and R
a1a2...a(n−3)
1 so they are discarded as
starting points when we come to find the electric branes from the generators.
We make use of the following commutator relations where we have chosen the
commutator coefficient of [R0, R
a1
0 ] and the rest have followed from the relations
(10)-(13) and the Serre relations (5)
[R0, R
a1
0 ] =
1
4
√
8
D − 2R
a1
0
[R0, R
a1a2
0 ] =
1
2
√
8
D − 2R
a1a2
0 (59)
[R0, R
a1a2...an−5
1 ] = −
1
2
√
8
D − 2R
a1a2...an−5
1
[R0, R
a1a2...an−4
1 ] = −
1
4
√
8
D − 2R
a1a2...an−4
1
We note from content of the table given in [9] for B+++n−3 that no higher order
commutators are needed.
The simple root generators of B+++n−3 are
Ea = K
a
a+1, a = 1, . . . (n− 2), E(n−1) = R(n−1)0 , En = R56...(n−1)1 (60)
and the Cartan sub-algebra generators, Ha are given by
Ha = K
a
a −Ka+1a+1, a = 1, . . . (n− 2),
H(n−1) = − 2D−2 (K11 + . . .Kn−2n−2) + 2D−3D−2 (Kn−1n−1)
+
√
8
D−2R0, (61)
Hn = −D−4D−2 (K11 + . . .K44) + 2D−2 (K55 + . . .Kn−1n−1)
−
√
8
D−2R0
The low-level field content [9] is hˆa
b, A, Aa1 , Aa1a2 and their field strengths
have duals derived from Aa1...an−4,b, Aa1...an−3 , Aa1...an−4 , Aa1...an−5 respec-
tively. Our choice of local sub-algebra for the non-linear realisation allows us to
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write the group element of B+++n−3 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
(n− 3)!Aa1a2...an−3R
a1a2...an−3
1 )
exp(
1
(n− 4)!Aa1a2...an−4,bR
a1a2...an−4,b
1 )
exp(
1
(n− 4)!Aa1a2...an−4R
a1a2...an−4
1 ) (62)
exp(
1
(n− 5)!Aa1a2...an−5R
a1a2...an−5
1 )
exp(
1
2!
AabR
ab
0 ) exp(AaR
a
0) exp(AR0)
The field content of the associated maximally oxidised theory given in [11] agrees
with the low-order B+++n−3 content given above. The Lagrangian for the oxidised
theory, containing a graviton, φ, a 2-form field strength, Fµν0 = 2∂[µAν]0, a
3-form field strength, Fµνρ0 = 3(∂[µAνρ]0 +A[µ0∂νAρ]0) and a dilaton, A, is
A =
1
16πGn−1
∫
dn−1x
√−g(R − 1
2
∂µφ∂
µφ− 1
2.2!
e
1
2
√
8
D−2φFµν0F
µν
0 (63)
− 1
2.3!
e
√
8
D−2φFµνρ0F
µνρ
0 )
We now demonstrate the use of the group element (1) to generate all of the usual
BPS electric branes of B+++n−3 starting from the generators given in equation (58).
We find the following electric branes
A Particle We wish to find the electric brane associated with the represen-
tation Ra0 that has highest weight generator R
(n−1)
0 (00 . . . 010), and so we set β
in equation 1 to be its corresponding root. We note that (β, β) = 1. The lowest
weight generator in the representation is R10(11 . . . 110). To find the correspond-
ing element in the Cartan sub-algebra we observe from Appendix B that only
the root corresponding to the (n− 1)th node does not have norm squared equal
to two. Indeed (αn−1, αn−1) = 1, so from equation (6) we see that we have to
effectively halve the Hn−1 generator contribution when we find β ·H from the
root coefficients, αi, so that
β ·H =H1 + . . .+Hn−2 + 1
2
Hn−1
=
D − 3
D − 2(K
1
1)− 1
D − 2(K
2
2 + . . .+K
n−1
n−1) +
√
2
D − 2R0 (64)
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By substituting (64) into equation (1), and bearing in mind that (β, β) = 1 for
R10, we find the corresponding group element is
gA =exp(− lnN0(D − 3
D − 2(K
1
1)− 1
D − 2(K
2
2 + . . .+K
n−1
n−1)
+
√
2
D − 2R0)) exp((1−N0)Eβ)
= exp(− lnN0(D − 3
D − 2(K
1
1)− 1
D − 2(K
2
2 + . . .+K
n−1
n−1))) (65)
exp(N
− 1D−2
0 (1 −N0)Eβ) exp(−
√
2
D − 2 lnN0R0)
In the last line we have made use of [R0, R
a1
0 ] from equation (59) to move the
dilaton generator to the far right so that it agrees with the group element from
which the non-linear realisation is constructed. By examining the R0 term we
find a dilaton given by
eA = N
−
√
2
D−2
0 (66)
And a line element corresponding to a particle
ds2 = N
− 2(D−3)D−2
0 (−dy21) +N
2
D−2
0 (dx
2
2 + . . .+ dx
2
n−1) (67)
The particle is derived from a gauge potential
AT1 (0) = N
− 1D−2
0 (1−N0) (68)
We complete the change to world volume indices using (ehˆ)11 = N
−D−3D−2
0
A1(0) = N
−1
1 − 1 (69)
This gives rise to a 2-form field strength, which we label Fµν0.
An (n− 5) Brane Proceeding in the usual manner we find the electric brane
associated with the representation R
a1a2...a(n−4)
1 whose highest weight generator
is R
45...(n−1)
1 (0001 . . .111), whose associated root we now take as β. The lowest
weight generator is R
12...(n−4)
1 (1234 . . .43211) and the corresponding element in
the Cartan sub-algebra is, recalling that the root associated with the (n− 1)th
node of the Dynkin diagram is short, being half the length of the other roots,
β ·H =H1 + 2H2 + 3H3 + 4(H4 + . . .+Hn−4)
+ 3Hn−3 + 2Hn−2 +
1
2
Hn−1 +Hn
=
1
D − 2(K
1
1 + . . .K
n−4
n−4)− D − 3
D − 2(K
n−3
n−3 + . . .Kn−1n−1) (70)
− 1
2
√
8
D − 2R0
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We note that (β, β) = 1 and substitute this expression into equation (1) to find
that the group element for the generator R
45...(n−1)
1 is
gA = exp(− lnNn−5( 1
D − 2(K
1
1 + . . .K
n−4
n−4)
− D − 3
D − 2(K
n−3
n−3 + . . .Kn−1n−1))) (71)
exp(N
− 1D−2
n−5 (1 −Nn−5)Eβ)
exp(
√
2
D − 2 lnNn−5R0)
We find a dilaton given by
eA = N
√
2
D−2
n−5 (72)
And a line element corresponding to an (n− 5)-brane
ds2 = N
− 2D−2
n−5 (−dy21 + dx22 + . . . dx2n−4) +N
2(D−3)
D−2
n−5 (dx
2
n−3 + . . .+ dx
2
n−1) (73)
The particle is derived from a gauge potential
AT12...(n−4)(1) = N
− 1D−2
n−5 (1−Nn−5) (74)
We use (ehˆ)11 = . . . (e
hˆ)n−4n−4 = N
−1
D−2
n−5 to complete the change to world
volume indices
A12...(n−4)(1) = N
−1
n−5 − 1 (75)
This gives rise to an (n − 3) form field strength, which we interpret to be the
dual of Fµν0.
A String We wish to find the electric brane associated with the represen-
tation Ra1a20 with the highest weight generator R
(n−2)(n−1)
0 (00 . . . 0120), whose
corresponding root we take to be β and we note that (β, β) = 2. The lowest
weight generator is R120 (12 . . . 220) and the corresponding element in the Cartan
sub-algebra is
β ·H =H1 + 2(H2 + . . .+Hn−2) +Hn−1
=
D − 4
D − 2(K
1
1 +K
2
2)− 2
D − 2(K
3
3 + . . .K
n−1
n−1) +
√
8
D − 2R0 (76)
The corresponding group element is
gA =exp(−1
2
lnN1(
D − 4
D − 2(K
1
1 +K
2
2)− 2
D − 2(K
3
3 + . . .K
n−1
n−1)))
exp(N
− 2D−2
1 (1−N1)Eβ) exp(−
√
2
D − 2 lnN1R0) (77)
We find a dilaton given by
eA = N
−
√
2
D−2
0 (78)
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And a line element corresponding to a string
ds2 = N
−D−4D−2
1 (−dy21 + dx22) +N
2
D−2
1 (dx
2
3 + . . .+ dx
2
n−1) (79)
The string is derived from a gauge potential
AT12(0) = N
− 2D−2
1 (1−N1) (80)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 =
N
− D−4
2(D−2)
1
A12(0) = N
−1
1 − 1 (81)
From this we derive a 3-form field strength, which we label Fµνρ0.
An (n− 6) Brane We wish to find the electric brane associated with the rep-
resentation R
a1a2...an−5
1 with highest weight generator R
56...(n−1)
1 (000 . . .001),
whose corresponding root we take as β in equation (1) and we note that (β, β) =
2. The associated lowest weight generator in this representation is R
12...(n−5)
1
(1234 . . .432101) and the corresponding element in the Cartan sub-algebra is
β ·H =H1 + 2H2 + 3H3 + 4(H4 + . . .+Hn−5)
+ 3Hn−4 + 2Hn−3 +Hn−2 +Hn
=
2
D − 2(K
1
1 + . . .K
n−5
n−5)− D − 4
D − 2(K
n−4
n−4 + . . .Kn−1n−1) (82)
−
√
8
D − 2R0
The corresponding group element is
gA = exp(−1
2
lnNn−6(
2
D − 2(K
1
1 + . . .K
n−5
n−5)
− D − 4
D − 2(K
n−4
n−4 + . . .Kn−1n−1))) (83)
exp(N
− 2D−2
n−6 (1−Nn−6)Eβ)
exp(
√
2
D − 2 lnNn−6R0)
We find a dilaton given by
eA = N
√
2
D−2
n−6 (84)
And a line element corresponding to an (n− 6)-brane
ds2 = N
− 2D−2
n−6 (−dy21 + dx22 + . . . dx2n−5) +N
D−4
D−2
n−6 (dx
2
n−4 + . . .+ dx
2
n−1) (85)
The brane is derived from a gauge potential
AT12...(n−5)(1) = N
− 2D−2
n−6 (1−Nn−6) (86)
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We use (ehˆ)11 = . . . (e
hˆ)n−5n−5 = N
− 1D−2
n−6 to complete the change to world
volume indices
A12...(n−5)(1) = N
−1
n−6 − 1 (87)
This gives rise to an (n − 4)-form field strength, which we interpret to be the
dual of Fµνρ0.
We have have successfully reproduced all the usual BPS electric branes using
the group element given in equation (1). The formulae we have found above do
indeed correspond to the solutions of the Lagrangian (63).
We find our dilaton field A to be related to φ by
A = −φ (88)
3.2 Very Extended F4
The F4
+++ Dynkin diagram is shown in Appendix B, where the solid nodes
represent the gravity line with respect to which we decompose our Kac-Moody
algebra. The shorter roots, enumerated as nodes 6 and 7 have (α, α) = 1 where
the gravity line roots are normalised to have norm squared of two.
The F+++4 algebra is decomposed with respect to its A5 sub-algebra, the
simple roots whose nodes we delete are α7 and α6 and their generators are
R1(0000001) and R
6
0(0000010). We associate the levels l1 and l2 with these
respectively. The s labels on our generators are chosen to be the l1 level of
the generator. From reference [9] we find the F4
+++ algebra decomposed with
respect to an A5 sub-algebra contains the generators K
a
b at level (0,0) and the
following generators at levels (l1, l2)
l1 −→ 0 1 2
l2 ↓ 0 R0 R1
1 Ra0 R
a
1
2 Rab0 R
ab
1 R2
ab (89)
3 Rabc1 R2
abc
4 Rabcd1 R2
abc,d
R2
abcd
The generators R0 and R2
abcd have associated roots β such that(β, β) = 0 so
we discard them as starting points for our method in this section, and R2
abc,d,
R2
ab, Rab0 have (β, β) = 2, the other generators all have (β, β) = 1. We make use
of the following commutation relations where we have chosen the commutator
coefficient for [R0, R
a
0 ] and the rest have been deduced from equations (10)-(13)
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and the Serre relations (5)
[R0, R
a
0 ] =
1√
8
Ra0 [R0, R
a
1 ] = −
1√
8
Ra1
[R0, R
ab
0 ] =
1√
2
Rab0 [R0, R
ab
1 ] = 0 [R0, R2
ab] = − 1√
2
R2
ab
[R0, R
abc
1 ] =
1√
8
Rabc1 [R0, R2
abc] = − 1√
8
R2
abc
(90)
[R0, R
abcd
1 ] =
1√
2
Rabcd1 [R0, R2
abc,d] = 0
The simple root generators of F4
+++ are
Ea = K
a
a+1, a = 1, . . . 5, E6 = R
6
0, E7 = R1 (91)
and the Cartan sub-algebra generators, Ha,is given by [10]
Ha = K
a
a −Ka+1a+1, a = 1, . . . 5,
H6 = − 12 (K11 + . . .K55) + 32K66 +
√
2R0, (92)
H7 = −
√
8R0
The low-level field content [9] is hˆa
b, A, Aa10, Aa11, Aa1a22, Aa1a2a3a41 and
their field strengths have duals derived from Aa1a2a3,b2, Aa1a2a3a42 Aa1a2a32,
Aa1a2a31, Aa1a20, A1, respectively, we also have an Aa1a21 field without a dual
listed above, so we treat it as a self-dual field. Our choice of local sub-algebra
for the non-linear realisation allows us to write the group element of F4
+++ as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
4!
Aa1a2a3a41R
a1a2a3a4
1 ) exp(
1
4!
Aa1a2a3a42R2
a1a2a3a4)
exp(
1
3!
Aa1a2a3,b2R2
a1a2a3,b) exp(
1
3!
Aa1a2a32R2
a1a2a3)
exp(
1
3!
Aa1a2a31R
a1a2a3
1 ) exp(
1
2!
Aa1a22R2
a1a2) (93)
exp(
1
2!
Aa1a21R
a1a2
1 ) exp(
1
2!
Aa1a2
0
Ra1a20 )
exp(Aa11R
a
1) exp(Aa10R
a1
0 ) exp(A1R1) exp(AR0)
The field content of the associated maximally oxidised theory given in [11] agrees
with the low-order F+++4 content given above. The Lagrangian for the oxidised
theory, contains two 2-form field strengths Fµν0 = 2∂[µAν]0+
√
2A1∂[µAν]1 and
Fµν1 = 2∂[µAν]1, a 3-form field strength Fµνρ2 = 3(∂[µAνρ]2 + A[µ1∂νAρ]1), a
self-dual 3-form field strength Fµνρ1 = 3(∂[µAνρ]1 −A[µ0∂νAρ]1)− 1√2A1Fµνρ2,
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a 1-form field strength Fµ1 = ∂µA1, and the dilaton A.
A =
1
16πG6
∫
d6x
√−g(R− 1
2
∂µφ∂
µφ− 1
2.2!
e
1√
2
φ
Fµν0F
µν
0
− 1
2.2!
e
− 1√
2
φ
Fµν1F
µν
1 −
1
2.3!
e−
√
2φFµνρ2F
µνρ
2 (94)
− 1
2
e
√
2φFµ1F
µ
1 )
−
∫
C.S.
d6xǫa1...a6(
1√
2.3!3!
A1Fa1a2a32Fa4a5a61 +
1
2.2!3!
Aa10Fa2a30Fa4a5a62
+
1
2.2!3!
Aa10Fa2a31Fa4a5a61)
The reader must remember that Fµνρ1 is self-dual and its kinetic term in the
action integral vanishes. We again use the group element (1) to generate all of
the electric branes of F+++4 starting from the generators given in equation (89).
We find the following electric branes
A Particle Commencing by setting β to be the root associated with gener-
ator R60 (0000010), the highest weight of the R
a1
0 representation. Noting that
(β, β) = 1 we proceed and find the lowest weight generator in this representation
is R10 (1111110). Taking account of the shorter root on the sixth node of the
F4
+++ Dynkin diagram, we use equation (6) to find the element corresponding
to R10 in the Cartan sub-algebra
β ·H = (H1 + . . .H5) + 1
2
H6
=
3
4
(K11)− 1
4
(K22 + . . .K
6
6) +
1√
2
R0 (95)
And from equation (1) we find the corresponding group element is
gA =exp(− lnN0(3
4
(K11)− 1
4
(K22 + . . .K
6
6) +
1√
2
R0)) exp((1 −N0)Eβ)
= exp(− lnN0(3
4
(K11)− 1
4
(K22 + . . .K
6
6))) exp(N
− 14
0 (1−N0)Eβ) (96)
exp(− 1√
2
lnN0R0)
So we find a dilaton given by
eA = N
− 1√
2
0 (97)
And a line element corresponding to a particle
ds2 = N
− 32
0 (−dy21) +N
1
2
0 (dx
2
2 + . . .+ dx
2
6) (98)
We have a gauge field given by
AT1 (0) = N
− 14
0 (1−N0) (99)
We change to world volume indices via the vielbein (eh)11 = N
− 34
0
A1(0) = N
−1
0 − 1 (100)
We associate this gauge potential with a 2-form field strength, Fµν0.
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A 2-Brane We wish to find the electric brane associated with the representa-
tion Ra1a2a32 whose highest weight generator is R2
456(0001232). We take this
to be β in equation (1) and we note that (β, β) = 1. The lowest weight generator
is R2
123(1233332) and the corresponding element in the Cartan sub-algebra is
β ·H =H1 + 2H2 + 3(H3 + . . . H5) + 3
2
H6 +H7
=
1
4
(K11 + . . .K
3
3)− 3
4
(K44 + . . .K
6
6)− 1√
2
R0 (101)
Substituting this into equation (1) we find the appropriately arranged element
is
gA =exp(− lnN2(1
4
(K11 + . . .K
3
3)− 3
4
(K44 + . . .K
6
6)− 1√
2
lnN2R0))
exp((1 −N2)Eβ)
= exp(− lnN2(1
4
(K11 + . . .K
3
3)− 3
4
(K44 + . . .K
6
6) (102)
exp(N
− 14
2 (1−N2)Eβ) exp(+
1√
2
lnN2R0)
We find a dilaton given by
eA = N
+ 1√
2
2 (103)
And a line element corresponding to a 2-brane
ds2 = N
− 12
2 (−dy21 + . . . dx23) +N
3
2
2 (dx
2
4 + . . .+ dx
2
6) (104)
The brane is derived from the gauge field given by
AT123(2) = N
− 14
2 (1−N2) (105)
We complete the change to world volume indices using (ehˆ)11 = . . . (e
hˆ)33 =
N
− 14
0
A123(2) = N
−1
2 − 1 (106)
We conclude that R2
456 is the generator associated with the dual of Fµν0.
A Second Particle The calculation for the representation Ra11 which has a
highest weight generatorR61 is the same as that for R
6
0 except that the expansion
of β ·H has an extra 12H7 added on. That is,
β ·H = 3
4
(K11)− 1
4
(K22 + . . .K
6
6)− 1√
2
R0 (107)
And from equation (1) we find the corresponding group element is
gA =exp(− lnN0(3
4
(K11)− 1
4
(K22 + . . .K
6
6)− 1√
2
R0)) exp((1−N0)Eβ)
= exp(− lnN0(3
4
(K11)− 1
4
(K22 + . . .K
6
6))) exp(N
− 14
0 (1−N0)Eβ) (108)
exp(
1√
2
lnN0R0)
24
We find a line element identical to (98) for a particle and a dilaton given by
eA = N
1√
2
0 (109)
We have a gauge field given by
AT1 (1) = N
− 14
0 (1−N0) (110)
We change to world volume indices via the vielbein (eh)11 = N
− 34
0 and find
A1(1) = N
−1
0 − 1 (111)
We associate this gauge potential with a 2-form field strength which we label
Fµν1.
A Second 2-Brane Similarly, the derivation of the electric brane associated
with the highest weight generator R4561 is the same as that for R2
456 but with
a 12H7 taken off of expansion of the β ·H expansion. That is,
β ·H = 1
4
(K11 + . . .K
3
3)− 3
4
(K44 + . . .K
6
6) +
1√
2
R0 (112)
Substituting this into equation (1) we find the appropriately arranged element
is
gA =exp(− lnN2(1
4
(K11 + . . .K
3
3)− 3
4
(K44 + . . .K
6
6) +
1√
2
lnN2R0))
exp((1 −N2)Eβ)
= exp(− lnN2(1
4
(K11 + . . .K
3
3)− 3
4
(K44 + . . .K
6
6) (113)
exp(N
− 14
2 (1−N2)Eβ) exp(−
1√
2
lnN2R0)
We find a dilaton given by
eA = N
− 1√
2
2 (114)
And a line element corresponding to a 2-brane identical to (104). The brane is
derived from the gauge field given by
AT123(1) = N
− 14
2 (1−N2) (115)
We complete the change to world volume indices using (ehˆ)11 = . . . (e
hˆ)33 =
N
− 14
0 and find
A123(1) = N
−1
2 − 1 (116)
We conclude that R1
456 is the generator associated with the dual of Fµν1.
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A String We wish to find the electric brane associated with the Ra1a22 repre-
sentation whose highest weight is the generatorR2
56(0000122), whose associated
root we take to be β in equation (1) and we note that (β, β) = 2. The lowest
weight generator is R2
12(1222222) and the corresponding element in the Cartan
sub-algebra is
β ·H = H1 + 2(H2 + . . .H5) +H6 +H7
=
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6)−
√
2R0 (117)
The corresponding group element (1) is
gA =exp(−1
2
lnN1(
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6)−
√
2 lnN1R0))
exp((1 −N1)Eβ)
= exp(−1
2
lnN1(
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6)
exp(N
− 12
1 (1 −N1)Eβ) exp(
1√
2
lnN1R0) (118)
We find a dilaton given by
eA = N
1√
2
1 (119)
And a line element corresponding to a string
ds2 = N
− 12
1 (−dy21 + dx22) +N
1
2
1 (dx
2
3 + . . .+ dx
2
6) (120)
The brane is derived from the gauge field given by
AT12(2) = N
− 12
1 (1−N1) (121)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 14
1
A12(2) = N
−1
1 − 1 (122)
This gauge potential gives rise to a 3-form field strength, which we label Fµνρ2.
A Second String Starting with with the representation Ra1a20 whose high-
est weight is the generator R560 (0000120) whose associated root we take for β
in equation (1), noting that (β, β) = 2. The lowest weight generator in this
representation is R120 (1222220) which corresponds to the element in the Cartan
sub-algebra given by
β ·H = H1 + 2(H2 + . . .H5) +H6
=
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6) +
√
2R0 (123)
The corresponding group element (1) is
gA =exp(−1
2
lnN1(
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6) +
√
2 lnN1R0))
exp((1 −N1)Eβ)
= exp(−1
2
lnN1(
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6)
exp(N
− 12
1 (1 −N1)Eβ) exp(−
1√
2
lnN1R0) (124)
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We find a dilaton given by
eA = N
− 1√
2
1 (125)
And a line element corresponding to a string
ds2 = N
− 12
1 (−dy21 + dx22) +N
1
2
1 (dx
2
3 + . . .+ dx
2
6) (126)
The brane is derived from the gauge field given by
AT12(0) = N
− 12
1 (1−N1) (127)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 14
1
A12(0) = N
−1
1 − 1 (128)
We conclude that this is the group element associated with the dual of Fµνρ2.
A Gooseberry String We find the electric brane associated with the repre-
sentation Ra1a21 with highest weight generator R
56
1 (0000121), whose associated
root we take for β in equation (1), noting that (β, β) = 1. The lowest weight
generator in this representation is R121 (1222221) and this corresponds to the
Cartan sub-algebra element
β ·H = H1 + 2(H2 + . . . H5) +H6 + 1
2
H7
=
1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6) (129)
Substituting this expression into equation (1) gives the corresponding element
gA =exp(− lnN1(1
2
(K11 +K
2
2)− 1
2
(K33 + . . .K
6
6))) exp((1 −N1)Eβ)
(130)
There is no dilaton and we find a line element corresponding to a string
ds2 = N−11 (−dy21 + dx22) +N1(dx23 + . . .+ dx26) (131)
The brane is derived from the gauge field given by
AT12(1) = (1−N1) (132)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 12
1
A12(1) = N
−1
1 − 1 (133)
This gauge field is associated with a second 3-form field strength which we
label, Fµνρ1. We deduce that this field strength is self-dual as we have no more
two-form generators in (89) that could produce an electric brane that would be
associated with a dual to Fµνρ1. We note that the difference in the line element
for the string here and those for the other strings derived from F+++4 is due to
the dilaton coupling constant being zero here.
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A 3-Brane The representation Ra1a2a3a41 has highest weight generator R
3456
1
(0012341) whose associated root we take as β in equation (1), we note that
(β, β) = 1. The lowest weight generator in this representation is R12341 (1234441).
This corresponds to an element in the Cartan sub-algebra given by
β ·H =H1 + 2H2 + 3H3 + 4(H4 +H5) + 2H6 + 1
2
H7
= 0(K11 + . . .K
4
4)− (K55 +K66) +
√
2R0 (134)
The group element given by equation (1) is
gA =exp(− lnN3(0(K11 + . . .K44)− (K55 +K66) +
√
2R0)) exp((1−N3)Eβ)
= exp(− lnN3(0(K11 + . . .K44)− (K55 +K66))) exp(N−13 (1 −N3)Eβ)
(135)
exp(−
√
2 lnN3R0)
We find a dilaton given by
eA = N−
√
2
3 (136)
And a line element corresponding to a 3-brane
ds2 = (−dy21 + . . . dx24) +N23 (dx25 + dx26) (137)
The associated gauge potential is
A1234
T
(1) = N
−1
3 − 1 (138)
The expression is the same in world volume indices as (ehˆ)11 = . . . (e
hˆ)44 = 1
that is
A1234(1) = N
−1
3 − 1 (139)
This gauge potential gives rise to a 5 form field strength and we conclude this
is the dual to the one form field strength formed from R1, Fµ1 = ∂µR1.
We have have successfully reproduced all the usual BPS electric branes using
the group element given in equation (1). The formulae we have found above do
indeed correspond to the solutions of the Lagrangian (95).
We find our dilaton field A to be related to φ by
A = −φ (140)
4 Higher Level Branes
In this paper we generalised the result of [3], namely that the group element of
equation (1) encodes the usual electric BPS brane solutions of the G+++ the-
ories at low levels. So far we have only considered the low-order field content,
up to the level of the dual gravity field. We have found precise agreement with
the solutions of the known actions of the oxidised theories [11]. The pp-wave for
each G+++ theory is also present in the low order theory and can be found as
advocated in [3]. However, as explained in [3] we can also apply equation (1) to
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the higher order generators of any G+++ to find putative solutions solutions to
the non-linearly realised theory.4 In this paper we do not show that these are
actually solutions but the elegance of equation (1) leads us to hope that they are.
Let us consider the example for the F+++4 theory. Field content at higher
levels in F+++4 is given in [9], and we find the field Aa1a2a3a43 at level (3, 4). This
representation has a highest weight generator R34563 (0012343) and commutes
with the dilaton via [R0, R
a1a2a3a4
3 ] = − 1√2R
a1a2a3a4
3 . Applying our method for
the root β associated with this generator, for which we note that (β, β) = 1, we
find a group element from (1) given by
gA =exp(− lnN3(0(K11 + . . .K44)− (K55 +K66))) (141)
exp(N−13 (1 −N3)Eβ) exp(
√
2 lnN3R0)
A dilaton given by
eA = N
√
2
3 (142)
A line element corresponding to a 3-brane
ds2 = (−dy21 + . . . dx24) +N3(dx25 + dx26) (143)
The brane is derived from a gauge potential
A1234
T
(3) = N
−1
3 − 1 = A1234(3) (144)
This gives rise to a 5-form field strength, Fµνρστ 3. If the dual field strength were
to exist we would expect it to be a 1-form formed from a scalar, which we label
R−1. Such a scalar does not appear in the field content tables of [9] and does not
exist but had it done it would commute with the dilaton via [R0, R−1] = 1√8R−1.
As is well known, the eleven dimensional supergravity theory has a pp-wave,
a 2-brane and a 5-brane whose corresponding conserved charges occur in the
eleven dimensional supersymmetry algebra. This is consistent with the results
of [20] which showed that each of the brane solutions had a topological charge
that appeared as a central charge in the supersymmetry algebra. In reference
[22] it was argued that the brane solutions of the non-linearly realised G+++
theory possessed charges which belonged to the l1 representation of G+++. The
l1 representation is the fundamental representation of G+++ associated with the
very-extended node on the corresponding Dynkin diagram. The l1 multiplet of
charges for E+++8 begins with the generators of spacetime translations, P
a, and
then contains the 2-form and the 5-form central charges of the supersymmetry
algebra at the lowest levels, as well as an infinite number of other charges in the
higher orders. It was shown in [21] that the l1 representation has the correct An
representation to be interpreted as central charges. Indeed the reader may verify
this correspondence for the brane solutions found in this paper for each G+++
considered. Let us consider the example of F+++4 and list the fields, A[n], with
4Actually in reference [3] one should have used the formula (1) given here to investigate
the higher order brane solutions, as the root β associated with any higher order generator
will generally not satisfy (β, β) = 2. Fortunately, for all but the brane associated with the
generator Ra1a2a3
b1b2
, the higher order solutions considered in that paper have (β, β) = 2.
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their corresponding conserved charges, Z [n−1], associated with the brane solu-
tion we have found in each case, including the higher level field, Aa1a2a3a4 (s=3),
which we have just considered
Levels, (l1, l2) Fields, A[n] Associated Charges, Z
[n−1]
(0, 0) hˆa
b P a
(0, 0) A −
(1, 0) A1 −
(0, 1), (1, 1) Aia1 Z
i
(0, 2), (1, 2), (2, 2) A
(ij)
a1a2 Z
a1(ij)
(1, 3), (2, 3) Aia1a2a3 Z
a1a2i
(2, 4) Aa1a2a3,b Z
a1a2,b
(1, 4), (2, 4), (3, 4) A
(ij)
a1a2a3a4 Z
a1a2a3(ij)
The F+++4 theory possesses an SL(2) symmetry associated with the seventh
node of its Dynkin diagram, which has the generator R1, which gives rise to the
assignment of the i, j indices above. We note that while we could not use our
method to find the brane solution associated to Aa1a2a3a4 (s=2), as its generator
had associated root, β, such that (β, β) = 0, we are able to deduce that its field
strength is dual to a 1-form field strength formed from the dilaton, A. Indeed
we expect its brane solution to have a third rank tensor conserved charge, as
listed above.
It is interesting to compare these with the supersymmetric central charges
of the (1, 0) supersymmetry algebra{
Qiα, Q
j
β
}
= ǫij(Γm)αβP
m + (Γm1m2m3)αβZ
m1m2m3(ij) (145)
The supersymmetric generator of spacetime translations, Pm, is equivalent to
the conserved charge arising from the pp-wave solution corresponding to the
graviton, hˆa
b, in the F+++4 field content. Similarly we can make an associ-
ation between the central charge Zm1m2m3(ij) of the supersymmetry algebra
and the conserved charges coming from brane solutions which couple to the
fields Aia1a2a3a4 . The 5-form field strengths constructed from Aa1a2a3a4 (s=1)
and Aa1a2a3a4(s=2) are dual to the 1-form field strengths formed from the ax-
ion, A1, and the dilaton, A, respectively, which can be seen by referring to the
3-brane solution found on page 28 and from considering the low-level content.
We have just considered, above in this section, the field, Aa1a2a3a4(s=3), whose
field strength is a 5-form and its associated brane solution is also a 3-brane.
Altogether we have a triplet of conserved charges coming from the non-linear
realisation of F+++4 which are equivalent to the central charges, Z
m1m2m3(ij),
of the supersymmetry algebra. Including the generators of spacetime transla-
tions, Pm, the conserved charges, Zm1m2m3(ij), of F+++4 account for 36 de-
grees of freedom which is compatible with the anticommutator of the two Sp(2)
Majorana-Weyl spinors, Qiα.
In this paper we have constructed branes, even at a lower level than those
mentioned above, whose conserved charges in the above table are not present
amongst the supersymmetry algebra’s central charges; charges such as Zi and
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the part of Za1(ij) triplet associated with the so-called ”gooseberry string”,
listed in our analysis of F+++4 on page 27. Indeed we can carry on and consider
the brane solutions associated with the infinite number of higher-order fields in
F+++4 , or any G+++, and find a conserved charge for each one. We therefore
find that the central charges in the supersymmetry algebra only account for a
few of the brane charges, all of which belong to the l1 representation.
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A The Electric Branes of E+++6 , E
+++
7 and G
+++
2
A.1 Very Extended E6
The Dynkin diagram for E+++6 is given in Appendix B. The E
+++
6 algebra
may only be uniquely decomposed with respect to an A7 gravity line, giving an
8-dimensional theory. The simple roots that we eliminate are α9 and α8 whose
corresponding generators are R1(00 . . . 001) and R
678
0 (00 . . . 010) and we asso-
ciate the levels l1 and l2 with these respectively. The s labels on our generators
are chosen to be the l1 level of the generator. The alternative decomposition
along the other branch of the Dynkin diagram is related to the first decompo-
sition via an automorphism.
From reference [9] we find the remaining algebra contains the generatorsKab
at level (0,0) and the following generators at up to level (1,2)
l1 −→ 0 1
l2 ↓ 0 R0 R1
1 Ra1a2a30 R
a1a2a3
1 (146)
2 Ra1...a60 R
a1...a6
1
R
a1...a5,b
1
All the generators have (β, β) = 2, where β is the associated root for the gener-
ator, with the exceptions of R0 and R
a1...a6
1 which have (β, β) = 0 and so will
not be used as starting points for finding electric branes.
We make use of the following commutator relations where we have chosen the
commutator coefficient for [R0, R1] and the others have followed from equations
(10)-(13) and the Serre relations (5)
[R0, R1] = −R1
[R0, R
a1a2a3
0 ] =
1
2
Ra1a2a30 [R0, R
a1a2a3
1 ] = −
1
2
R1
a1a2a3 (147)
[R0, R
a1...a6
0 ] = R
a1...a6
0 [R0, R
a1...a6
1 ] = 0
The simple root generators of E+++6 are
Ea = K
a
a+1, a = 1, . . . 7, E8 = R
678
0 , E9 = R1 (148)
and the Cartan sub-algebra generators, Ha, are given by
Ha = K
a
a −Ka+1a+1, a = 1, . . . 7,
H8 = − 12 (K11 + . . .K55) + 12 (K66 + . . .K88) +R0, (149)
H9 = −2R0
The low-level field content [9] is hˆa
b, A, Aa1a2a30, Aa1...a60 and their field
strengths have duals derived from Aa1...a5,b1, Aa1...a61, Aa1a2a31, A1, respec-
tively. Our choice of local sub-algebra for the non-linear realisation allows us to
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write the group element of E+++6 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
6!
Aa1...a61R
a1...a6
1 ) exp(
1
6!
Aa1...a60R
a1...a6
0 )
exp(
1
5!
Aa1...a5,b1R
a1...a5,b
1 ) exp(
1
3!
Aa1a2a31R
a1...a3
1 ) (150)
exp(
1
3!
Aa1a2a30R
a1...a3
0 ) exp(A1R1) exp(AR0)
The field content of the associated maximally oxidised theory given in [11]
agrees with the low-order E+++6 content given above. The Lagrangian for
the oxidised theory, contains contains a graviton, φ, a 4-form field strength,
Fµνρσ0 = 4∂[µAνρσ]0, a 1-form field strength, Fµ1 = ∂µA1 and a dilaton A and
is given by
A =
1
16πGn−1
∫
d8x
√−g(R− 1
2
∂µφ∂
µφ− 1
2
e2φFµ1F
µ
1
− 1
2.4!
e−φFµνρσ0F
µνρσ
0 ) (151)
+
∫
C.S.
d8xǫa1...a8
1
4!4!
A1Fa1...a40Fa5...a80
Using the group element (1) we find the following electric branes
A 2-Brane Let us find the electric brane associated with the representation
Ra1a2a30 whose highest weight generator is R
678
0 (00 . . . 010), whose associated
root we take as β in equation (1). The lowest weight generator in this repre-
sentation is R1230 (123 . . .32110) and the associated Cartan sub-algebra element
is
β ·H =H1 + 2H2 + 3(H3 + . . .H5) + 2H6 +H7 +H8
=
1
2
(K11 + . . .K
3
3)− 1
2
(K44 + . . .K
8
8) +R0 (152)
Bearing in mind that (β, β) = 2, we find that the group element (1) is
gA =exp(−1
2
lnN2(
1
2
(K11 + . . .K
3
3)− 1
2
(K44 + . . .K
8
8)))
exp(N
− 14
2 (1−N2)Eβ) exp(−
1
2
lnN2R0) (153)
We have a dilaton given by
eA = N
− 12
2 (154)
And a line element corresponding to a 2-brane
ds2 = N
− 12
2 (−dy21 + dx22 + dx23) +N
1
2
2 (dx
2
4 + . . .+ dx
2
8) (155)
The brane is derived from a gauge potential
AT123(0) = N
− 14
2 (1−N2) (156)
The change to world volume indices is made using (ehˆ)11 = . . . (e
hˆ)33 = N
− 14
2
A123(0) = N
−1
2 − 1 (157)
This gauge potential gives rise to a 4-form field strength, Fµνρσ0.
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A Second 2-Brane Let us find the brane associated with the representation
Ra11 whose highest weight generator is R
678
1 (00 . . . 011), whose associated root
we take for β in equation (1). The lowest weight generator in this representation
is R1231 (123 . . . 32111) and the corresponding element in the Cartan sub-algebra
is identical to that for R1230 but with 2R0 taken off, that is,
β ·H = 1
2
(K11 + . . .K
3
3)− 1
2
(K44 + . . .K
8
8)−R0 (158)
We find that the group element of equation (1) is
gA =exp(−1
2
lnN2(
1
2
(K11 + . . .K
3
3)− 1
2
(K44 + . . .K
8
8)))
exp(N
− 14
2 (1−N2)Eβ) exp(
1
2
lnN2R0) (159)
We have a dilaton given by
eA = N
1
2
2 (160)
And a line element corresponding to a 2-brane
ds2 = N
− 12
2 (−dy21 + dx22 + dx23) +N
1
2
2 (dx
2
4 + . . .+ dx
2
8) (161)
The brane is derived from a gauge potential
AT123(1) = N
− 14
2 (1−N2) (162)
The change to world volume indices is made using (ehˆ)11 = . . . (e
hˆ)33 = N
− 14
2
A123(1) = N
−1
2 − 1 (163)
This gives rise to a 4-form field strength, which we conclude is the dual to
Fµνρσ0.
A 5-Brane Let us find the electric brane associated with the representation
Ra1a2...a60 which has highest weight generator R
345678
0 (001232120), whose as-
sociated root we take as β in equation (1). The lowest weight generator in
this representation is R1234560 (123454220) and the corresponding element in the
Cartan sub-algebra is
β ·H =H1 + 2H2 + 3H3 + 4H4 + 5H5 + 4H6 + 2H7 + 2H8
=0(K11 + . . .K
6
6)− (K77 +K88) + 2R0 (164)
The group element (1) is
gA =exp(
1
2
lnN5(K
7
7 +K
8
8))
exp(N−15 (1 −N5)Eβ) exp(− lnN5R0) (165)
We have a dilaton given by
eA = N−15 (166)
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And a line element corresponding to a 5-brane
ds2 = (−dy21 + dx22 + . . . dx26) +N5(dx27 + dx28) (167)
The brane is derived from a gauge potential
AT12...6(0) = N
−1
5 − 1 (168)
The change to world volume indices leaves the form of the gauge potential
unaltered as (ehˆ)11 = . . . (e
hˆ)66 = 1
A12...6(0) = N
−1
5 − 1 (169)
This gauge potential gives rise to a 7-form field strength, which we conclude is
the dual to the 1 form Fµ1 = ∂µR1.
We have have successfully reproduced all the usual BPS electric branes using
the group element given in equation (1). The formulae we have found above do
indeed correspond to the solutions of the Lagrangian (152).
We find our dilaton field A to be related to φ by
A = φ (170)
A.2 Very Extended E7 - The 10-dimensional theory
The E+++7 algebra may be decomposed with respect to an A9 gravity line, giv-
ing a 10-dimensional theory or equally with respect to its A7 gravity line to
give an 8-dimensional theory. We consider the 10-dimensional theory here, and
note that in doing so we depart from the considerations of [11], in which the
9-dimensional theory is considered.
The simple root whose node we delete is α10 and has generator R
78910
(00 . . . 001) and we associate the level l with it. Our s labels are all zero, as we
eliminate only one simple root, and are discarded in this section. From reference
[9] we find the E7
+++ algebra decomposed with respect to an A9 sub-algebra
contains the generators Kab at level 0 and the following generators up to level
2, and notably no dilaton generator,
l ↓
1 Ra1a2a3a4
2 Ra1...a7,b (171)
Ra1...a8
We note that the generator Ra1...a8 has associated root β such that (β, β) = 0
so we discard this as a starting point for finding an electric brane, all the other
generators have (β, β) = 2. The simple root generators of E+++7 are
Ea = K
a
a+1, a = 1, . . . 9, E10 = R
78910 (172)
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and the Cartan sub-algebra generators, Ha, are given by
Ha = K
a
a −Ka+1a+1, a = 1, . . . 9,
H10 = − 12 (K11 + . . .K66) + 12 (K77 + . . .K1010) (173)
The low-level field content [9] is hˆa
b, and its field strength has a dual derived
from Aa1...a7,b, we also have fields Aa1a2a3a4 , Aa1...a8 which are not related to
each other by a duality condition and we take them to be self-dual in our low
order theory. Our choice of local sub-algebra for the non-linear realisation allows
us to write the group element of E+++7 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
8!
Aa1...a8R
a1...a8) exp(
1
7!
Aa1...a7,bR
a1...a7,b)
exp(
1
4!
Aa1...a4R
a1...a4) (174)
A.2.1 A 3-Brane
Let us find the electric brane associated with the representation Ra1a2a3a4 whose
highest weight generator is R78910 (00 . . . 001), whose root, β, we use in equation
(1). The lowest weight generator in this representation is R1234 (1234443211)
which corresponds to the Cartan sub-algebra element given by
β ·H =H1 + 2H2 + 3H3 + 4(H4 + . . . H6) + 3H7 + 2H8 +H9 +H10
=
1
2
(K11 + . . .K
4
4)− 1
2
(K55 + . . .K
10
10) (175)
We now write down the group element from equation (1)
gA = exp(−1
2
lnN3(
1
2
(K11 + . . .K
4
4)− 1
2
(K55 + . . .K
10
10))) exp((1−N3)Eβ)
(176)
We have a line element corresponding to a 3-brane
ds2 = N
− 12
3 (−dy21 + dx22 + . . . dx24) +N
1
2
3 (dx
2
5 + . . .+ dx
2
10) (177)
The brane is derived from a gauge potential
AT1234 = 1−N3 (178)
We complete the change to world volume indices using (ehˆ)11 = . . . (e
hˆ)44 =
N
− 14
3
A1234 = N
−1
3 − 1 (179)
This gives rise to a 5-form field strength,Fµνρστ which we conclude is self-dual,
as there are no other other generators in (171) from which we could derive a
dual field strength, and consequently we cannot construct a Lagrangian for this
theory.
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A.3 Very Extended G2
The Dynkin diagram for G2
+++ is shown in Appendix B, with the darkened
nodes indicating the gravity line we consider here. The G2
+++ algebra is decom-
posed with respect to the A4 sub-algebra of the gravity line where the deleted
node corresponds to simple root is α5 whose generator is R
5(00001), to which
our decomposition level, l, is associated. Again we have no need for the s labels
as they are all zero, so we discard them in this section. Reference [9] gives the
generators at low levels, we find the Kab at the zeroth level corresponding to
the gravity line step operators and we have the following other generators up to
level 3, and notably no dilaton generator,
l ↓
1 Ra
2 Rab (180)
3 Rab,c
Rabc
The generators Ra, Rab and Rab,c each have an associated root β such that
(β, β) = 23 but R
abc has (β, β) = 0 so we shall discard it as a starting point for
our method of finding electric branes.
The simple root generators of G2
+++ are
Ea = K
a
a+1, a = 1, . . . 4, E5 = R
5 (181)
and the Cartan sub-algebra generators, Ha, are given by
Ha = K
a
a −Ka+1a+1, a = 1, . . . 4,
H5 = −(K11 + . . .K44) + 2K55 (182)
The low-level field content [9] is hˆa
b, Aa1 and their field strengths have duals
derived from Aa1a2,b, Aa1a2 , respectively. We also find the field Aa1a2a3 which
is not related to any of the other fields by a duality condition and we take it
to be self-dual in our low order theory. Our choice of local sub-algebra for the
non-linear realisation allows us to write the group element of G+++2 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
3!
Aa1a2a3R
a1a2a3) exp(
1
2!
Aa1a2,bR
a1a2,b) (183)
exp(
1
2!
Aa1a2R
a1a2) exp(Aa1R
a1)
The field content of the associated maximally oxidised theory given in [11] agrees
with the low-order G+++2 content given above. The Lagrangian for the oxidised
theory, contains contains a graviton, φ, and contains a 2-form field strength
Fµν = 2∂[µAν], and is given by
A =
1
16πG5
∫
d5x
√−g(R− 1
2.2!
FµνF
µν)+
∫
C.S.
d5xǫa1...a5
1
3!2!
√
3
Fa1a2Fa3a4Aa5
(184)
We find the following electric branes of G+++2 via our group element (1)
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A Particle We find the highest weight generator associated with the repre-
sentation Ra1 is R5(00001), whose associated root we take for β in equation
(1), noting that (β, β) = 23 . We find that the lowest weight generator in this
representation is R1(11111). Taking account that the fifth simple root, as enu-
merated in Appendix B, of G2
+++ is shorter than the other four such that
(αa,αa)
(α5,α5)
= 3 where a = 1 . . . 4 we find that the expansion of R1 in the Cartan
sub-algebra according to (6) is
β ·H =H1 +H2 +H3 +H4 + 1
3
H5
=
2
3
(K11)− 1
3
(K22 + . . .K
5
5) (185)
The group element in equation (1) takes the form
gA = exp(−3
2
lnN0(
2
3
(K11)− 1
3
(K22 + . . .K
5
5))) exp((1−N0)Eβ) (186)
We read off the line element of a particle
ds2 = N−20 (−dy21) +N0(dx22 + . . .+ dx25) (187)
The associated gauge potential is read from the group element to be
A1
T = (1−N0) (188)
We complete the change to world volume indices using (ehˆ)11 = N
−1
0
A1 = N
−1
0 − 1 (189)
This gauge potential gives rise to a 2-form field strength, Fµν .
A String The highest weight generator in the representation Ra1a2 is R45
(00012) whose associated root β we take for β in equation (1). The lowest weight
generator in this representation is R12(12222) and, noting that (β, β) = 23 , we
find that the corresponding element in the Cartan sub-algebra is
β ·H =H1 + 2(H2 + . . . H4) + 2
3
H5
=
1
3
(K11 +K
2
2)− 2
3
(K33 + . . .K
5
5) (190)
The group element of equation (1) takes the form
gA = exp(−3
2
lnN1(
1
3
(K11+K
2
2)− 2
3
(K33+ . . .K
5
5))) exp((1−N1)Eβ) (191)
We have the line element of a string
ds2 = N−11 (−dy21 + dx22) +N21 (dx23 + . . .+ dx25) (192)
The form of the line element is the same as that of the brane associated with
the dual of Fµν , the 2-form field strength which we obtained in the previous
section. The associated gauge potential is read from the group element to be
A12
T = (1−N1) (193)
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We change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 12
1
A12 = N
−1
1 − 1 (194)
We have have successfully reproduced all the usual BPS electric branes of the
oxidised G2 theory using the group element given in equation (1). The formulae
we have found above do indeed correspond to the solutions of the Lagrangian
(184).
39
B Dynkin Diagrams
B.1 B+++n−3
⑦
1
⑦
2
⑦
3
⑦
4
✍✌
✎☞
n R
56...(n−1)
1
⑦
5 . . .
⑦
(n− 3)
⑦
(n− 2)
 ❅
✍✌
✎☞
(n− 1) R(n−1)0
B.2 D+++n−3
⑦
1
⑦
2
⑦
3
⑦
4
✍✌
✎☞
n R
56...(n−1)
1
⑦
5 . . .
⑦
(n− 4)
⑦
(n− 3)
⑦
(n− 2)
✍✌
✎☞
(n− 1) R(n−2)(n−1)0
B.3 E+++6
⑦
1
⑦
2
⑦
3
⑦
4
⑦
5
⑦
6
⑦
7
✍✌
✎☞
8 R6780
✍✌
✎☞
9 R1
B.4 E+++7
⑦
1
⑦
2
⑦
3
⑦
4
⑦
5
⑦
6
⑦
7
⑦
8
⑦
9
✍✌
✎☞
10 R78910
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B.5 F+++4
⑦
1
⑦
2
⑦
3
⑦
4
⑦
5
 ❅
✍✌
✎☞
6 R60
✍✌
✎☞
7 R1
B.6 G+++2
⑦
1
⑦
2
⑦
3
⑦
4
 ❅
✍✌
✎☞
5 R5
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